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ABSTRACT: Fractional system analysis has received a great attention recently, both from the academic
and industrial automations because of their increased flexibility with respect to integer-order systems. Recent efforts
have been mostly focused on the synthesis of variants of Proportional Integral Derivative Controllers (PIDs) such as
Tilt Integral Controller (T1Ds), Fractional order PIDs (FOPIDs), and Multi-Fractional order PIDs (MFOPIDs using
different optimizing techniques.This paper highlights designing of PID (PID control) and its variants through Linear
Matrix Inequality (LMI) optimizing technique and Fmincon (interior point algorithm) technique and compares the
results of both. It further presents a temperature control case study demonstrating a lot of improvement in the responses
of Fractional Controllers when compared with their Integer counterpart.

KEYWORDS: Fractional Order System, Linear Matrix Inequality, PID, FOPID, MFOPID, Interior Point Optimization
algorithm

I. INTRODUCTION

1.1 Fractional Calculus deals with derivatives and integrals
from non-integer orders. There are different definitions of Fractional Order differentiations and
integrations. The well-established definitions include the Griinwald-Letnikov definition, the Cauchy integral formula,
the Caputo definition and the Riemann-Liouville definition ™2 The general fractional order differentio-integral
operator can be summed as'® shown in (1):

(‘11? R(e) > 0,
i} —ﬁ/";l = 1 \R((.}} = U.
[Hdt)=™  R(a) <0, 1)

Some of the definitions of fractional order calculus are:
Riemann-LiouvilleFractional Integral and Derivative Operator'™ as given in (2):

B _ 1 d" t  f(x)
Def() = r(n-B) dt" Joc (t—7)B-n+1 dr (2)
where n-1<p<n I'e) is the Gamma

function. The integrals (or derivatives) are of complex order § (Re () #0) representing an analytic continuation.
Grunwald-Letnikov Fractional Integral and Derivative Operator given in (3) represents the derivative of order n
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oDf (1) = lim A~ S (=1 f(t=rh)
r={1 T

3)

and the n-fold integral of the function f () if & = n and t = -n respectively Where[sl(ic) = XeDED). oo (0ot

r!

The Caputo Fractional Differential Operator: When o > 0, t > a, [o a t] € R,the Caputo fractional derivatives are
defined M as shown in (4):

1t M
I —mdr, n—1<a<neN
EDuf(e) =T @
o f(®, a=neN

1.2. Fractional-order system is obtained from the fractional-order differential equations.In general, the fractional-order
transfer function (FOTF) of a single variable dynamic system can be defined in (5) M1

bosT® + bys™ + - -+ 4 by sTm
G(s) =— .. 2
ﬂ(’)S'SO + Q]S'Jl + -+ a_ns.dn (5)
where bi(i=0;1---m);ai (i=0;1--n)areconstantsandyi (i=0;1---m),; i (i=0;1---n)are arbitrary real or
rational.

1.3. PID controllers and their variants: (a) PID algorithm consists of three basic coefficients: proportional (kp) integral
(ki) and derivative (kd) which are varied to get optimal response. Fig. 1 shows the PID controller with process and
sensor feedbacked ®!. The transfer function of PID controller is given in (6):

C(s) = kp+ ki/s + kds (6)

(b)Fractional-order PID Controller: The transfer function of PI"D* controller is given in (7) .
C(s) = kp+ kis™ + kds" (7
where A and p are positive real numbers; other constants are the same meaning as in PID.
(c) Tilt Integral Derivative Controller: The transfer function of TID controller is given in (8)
C(s)= ki.s™+ kt/s + kd.s (8)

This controller uses the exponent coefficient of -1/n. A tilt compensator gives an overall response which is closer to the
theoretical optimal response. [

(d) Multiorder-Fractional-order PID Controller (MFOPID):An extension of FOPID, it demonstrates greater robustness
and better response than FOPID controller. The transfer function of MFOPID controller is shown below in (14) ©:

C(s) = kp+ kis" + kd;s +kdys* +kd3s° +............ +kd,s" 9)
where A, 1, 9, ...... n are the powers of the compensated term.

1.4.Linear Matrix Inequality (LMI) is a very useful optimization tool which involves linear equality and inequality by
solving in Matrix domain. A linear matrix inequality (LMI) has the form (10).
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F(x) = Fy+ X, x;F; > 0(10)

where x € R ™ is the variable and the symmetric matrices F; = F;'€e R™" (i =0......... m) are given. The inequality
symbol in (10 means that F(x) is positive-definite, i.e.

u "F(x)u > 0 for all nonzero u € R". Syntax to define variable
(191 [X n,sX]=Imivar (type,struct) (A)

Syntax for specifying the term content of an LMI "% Imiterm(termlD,A,B, flag) (B)

Syntax of 3 solvers ) [tmin, xfeas]=feasp(Imisys,options,target)
[lopt,xopt]=gevp(Imisys,nlfc,options, linit,xinit,target)
©

1.5.Nonlinear Optimization: Fmincon is nonlinear constrained optimization method used in the paper based on three
algorithms: Trust-region reflective, active set and interior Point method™ The general Fmincon optimization problem
can be written as (11)*2,

clx) =0

ceqix) =0

Aeg - x = beg

min f(x) such that A-x=h
X
b = x = ub,

(11)

where b and beq are vectors, A and Aeq are matrices, ¢(x) and ceq(x) are functions that return vectors, and f(x) is a
function that returns a scalar. f(x), c(x), and ceq(x) can be nonlinear functions. x, Ib, and ub can be passed as vectors or
matrices.!*?]

Syntax: [*21 :x =fmincon(fun,A,b,Aeq,beq, Ib,ub)(D)

1.6. FOMCON tool box: It is one of those successful add-on software in MATLAB (as MATLAB does not support
fractional analysis) which has been used in implementation of this paper.®!

1.7.Rules in LMI optimization:Stepl: The writing format while solving LMI optimization problem in MATLAB is by
defining controller transfer function in the form of C(s) =W(s)X and L(s)= C(s)P(s) where W(s) and X are the known
weights and the unknown parameter vectors as shown in the Fig.1 1%

Gt &l — uir) )
i )= »—vl Fis)

Fig.1 Closed Loop plant with Controller !

(a). PID Controller: PID controller is linear in its parameters. Xpp = [kp ki kd]" , Wep(s) =[1 st s]
Crin(S) = kp + ki/s +kds = [1 5™ s]X= Wpip(s)X, which is linear in X.

(b). TID Controller is also linear in its parametersXpp = [kt ki kd]" , Wgp =[ s st g] |
Crip(s) = kt/s¥" + ki/s +kds =[ s s 5]X = Wrip(s)X
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(c). MFOPID Controller: The MFOPID Controller can be written as :X = [Kyiko. kil , Wnropio=[s"" s“........ 51
Cwmropin(s) = [s* s%........ s™X = Wropin(s) X B9

Step2. Tuning in frequency domain: If plant is stable: LMI optimization in closed loop is applied after checking the
Nyquist Stability criteria in the open loop, i.e. L(s) (controller cum plant) = C(s)P (s)=W(s)[X]P(s) should not encircle
point (-1,0)® as shown in the Fig.2 and given in (12) (13) and (14):

P
!

Fig_z.ﬁssuming that f(s) is stable, the Nyquist plot of Lis) = Wi(s MSI[S]

For closed-loop stability from Nyquist stability criterion:

Im{L(jw)} <0, O0<o=wmpc (12)
Re{L(jopc)} >-1 " Im{L(jopc)} =0 (13)
Im{L(jopc)} >0 wpc <o (14)

where o ,. is phase crossover frequency . On decomposing W(jo) and P(jo) into real and imaginary following (15)
(16) (17) &(18) are obtained.!

W(j(j))XR(jaJ} -+ m(j(u))(f’!-(ja)) < 0, 0 <w<w (15)

pc?
W (Jwp,IXB(jop) — Wi(jwp IXP(jwp) > — 1, (16)
—e < W(jwp)XB(jwpe) + Wi(jarp)XP(wpd) < €, .
Wi(janXB(ja) + W,(JanXPi(jw) > 0, w@pe < - i

where € is a very small positive real constant, e.g., € = 0.01. In order to adjust the Gain Margin (GM) the following (19)

LMI equation can be applied ®. WiiapoXB(joe) = Wiljwyo)XPjape) > = 1/GM. 19

If plant is unstable: According to the Nyquist stability theorem the closed-loop system is stable if and only if the
Nyquist plot of L(s) (open loop) encircles the point (-1,0) exactly once anticlockwise (in case of one unstable pole).
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Fig_3.ﬂssurnmg that Ms) has one unstable pnie._1[8]

For closed-loop stability from Nyquist stability criterion, the relationship for getting stable system (20) ,(21) and (22)
can be considered :

Im{L(jo)} > 0, O0<w=wmpc (20)
Re{L(jopc)} <-1 " Im{L(jopc)} =0 (22)
Im{L(jopc)} <0 opc < ® (22)

where o ,. is phase crossover frequency ®.Decomposing W(jm) and P(jo) into real and imaginary parts the LMI
equation for tuning X is given in (23), (24),(25) and (26) ©:

Wi b ) + W)X (oo > 10, 0 = w0 =< oo, (23}

W Jarp WX Clasp, b — Wilar p NP oo b = — 1. (24
— = H:fjmpcleUwPEj + w-_[jul-p:,l.:ﬂ:il:jn.prr = £ {\25}
'i-"l':l:_ll-r_u'hxp,_l:jw] + m';[jn}}xﬁ[jrf}j < I, ay o, I:-_:,ﬁ_}

where € is a small positive real constant. In order to guarantee the closed-loop stability with the minimum GM (0<GM
<1) is given (27)

#\';{_jmnrﬁ]?{jmpr: — WUJP:JXE{_];mF} = = 1]'@. (27)

Adjusti[r;]g Phase Margin (PM) of the plant: The desired GM and PM is very necessary for the feedback system, given
in (28)*":

ming||W (jwgc)XP(joge) — e || (28)
where wgc is the desired gain crossover frequency, and
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¢ m=n+PM is the desired value for open-loop phase at cof,c
Since (35) is not LMI , using Schur complement lemmal™®! the optimization problem is equivalent to the generalized
eigenvalue problem given in (29)!:

minimize p,

subject to

0 E“I"'m - Wijmg;.@tjmy]
. H <yl
('™ — Wi NP )) 0
(29)

Converting the complex matrix into LMI compatible real matrix. solving the matrix for the real part results (37)

0 cospg = WA + W 0 it = W0 W

. 0 W, + W = sing 0 4
* * a compg = Well + W,

* * ® 0

(30)

Higher order and time-delayed processes with one unstable pole:Plant P(s) has exactly one unstable pole with time
delay, the closed-loop system is stable if the Nyquist plot of L(jw) remains in the hatched region in Fig. 4 for all @ >
ofel:

Fs

L ifewma L (eaith A

Upper boand 2
~ of UG £
\ |

Lffea il {jurlily
-
Ra

i 4 ! b Liimapl ()i
Lower hp:u_m!‘
of -17GM

The hatched region shows the location of the Nyquist plot of Lijuw) to achieve
F|g4Lonp stability when #{s) has exactly one unstable pole. (8]

The border of the hatched region in Fig.4 is marked by three lines in which the origin belongs to the hatched region (i.e.,
b3 > 0) and secondly the point -1 stays out of it. Moreover, it is done 0 <a 3 <a 1 to make sure that it is impossible to
draw a simple closed contour in the hatched region which encircles -1.GM can be adjusted by appropriate choice of
a1,b1,83,b3 The frequency at which theNyquist plot intersects the negative real axis for the first time asogm. the speed of
the closed system response can be adjusted by making owgml large.The following LMI equation is formed in process
with time delays given to keep L(jw) in the hatched region. It is shown in (31) (32) (33) (34) and (35)%!:

Wi(jcok)XPr(jcok) + Wr(]'cok)XPi(jcok)>a1(Wr(jcok)XPr(j (Dk)' Wi(jﬁ)k)XPi(jCl)k) )+b1 y 0 < (,l)kS (O] (31)
Wi(]'cok)XPr(]'cok) + Wr(jcok)XPi(jcok)<a2(Wr(jcok)XPr(j Cl)k)' W.(] C!)k)XPi(j (Dk)) +b2 , (O < (,OKS (O (32)
Wi(jcok)XPr(jcok)+ Wr(jc)k)XPiGG)k)<ag(WrGO)k)XPrGG)k) - Wi(]'cok)XPi(]'cok) )+b3 , 0y S @< (33)

-€< Wijogm) XPr(jogmi) + WrjogmyXPi(jogm) < € (34)
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W, (i gm) XP(jogm)- Wi(ogm) XPi(jogm)< -1/GM(35)

1.8. llustrative examples:(For Comparison between two techniques). The transfer function of aprocess (unstable)
- [8].
is

e—0.0Ss

Ps) = 525+ s2 -1

Designing specifications taken: a;=b;=1, a,=b,=-0.3, 8;=0.3, b3=0, ®gm =1 rad/s, € =0.05, 1/GM (in dB), PM==65°, ®
1= 107, 10%,10™ rad/s, ® = 30,.....510 rad/s (36)

Forming LMI equations from (A),(B),(C),(31),(32),(33),(34), (35) and (36) .

(i). PID Controller tuning: Xep =[kp ki kd]" = [29.5680 40.2836 49.6060]",Wpin(s) =[1 s™s] ,Crin(s) = 29.5680
+40.2836/s +49.6060s

(ii). FOPID Controller tuning at A= 0.01 and p=1.0069:X= [kp ki kd] = [-1.8406x10° 1.8739x10° 39.7474],Wropin
=[1s-t 55 =[15%% s Cropip--1.8406x10% + 1.8739x10%/s*% + 39.74745-006°

Using Fmincon (Interior Point Optimization) Algorithm:Forming Fmincon from (D), and (36)
(i). PID Controller tuning: Kp=20.00, Ki= 40.00 Kd= 50.1437, Cpip(s) = 20.00+ 40.00/s + 50.1437s

(ii). FOPID Controller tuning(taking exponents in case of LMI):Kp=70.00, Ki=29.00, Kd=30.00, 2=0.01, p=1.0069,
Cropip= 70.00+29.00/s"* + 30.00s%° Step responses are shown in Fig. 5 and Fig.6:

Step response
T T

Trne s}

Fig. 5: Step responses of PID Plant tuned by LMI (red) and Fmincon (blue) techniques respectively
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Step response

Amplitude

Step responses of FOPID Plant tuned by LMI (red) andFmincon (blue) techniques respectively

Fig.6:
Control | ISE IAE Rise Settling | 0%
lers time time

@ (ts) sec
seC
F FID 0.173 0.336 0.033 2834 69.1
m
i
n
[ FOFID 0.297 0.5344 0.081 2127 B4.6
o
n
L PID 0.162 0.320 0.052 1.18 76.8
M
I
0.331 0.078 1.685 431

FOFID 0.154

Table.1: Comparative analysis of LMI tuning and Fmincon tuning algorithm

Conclusion: As shown in the Table 1 the LMI tuned PID and FOPID shows faster time of response and error
performance specification is less. This is so because LMI technique is converges faster than Fmincon algorithm

technique.
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1.9. CASE STUDY': Temperature Control by changing the valve opening as shown in the Fig.7:

Process
fluid Temperature
transmitter
Valve ; - : e

=

Fig.7 : Closed loop Temperature control™~

>

Process Instrumentation and Contral (ICE 401 )
™ Dr. 8.Meenatchisundaram, MIT, Manipal, Jan — May 2015

Identification of raw data as Integer and fractional transfer function from the Table.2:

Y {temp in °C) Ui% of valve opening)
32.496 71385

32.497 71583

1423 readings 1423 readings

Table.2: Experimental data of % valve opening versus (Temperature °C)

Stepl: Open System identification tool box: Type ident in command window (MATLAB) which opens a tool box as
shown in Fig.8™:

r 4

il Opfions Wirdow Hep

V @Wmpetbse - L X

Data Format for Sigrals

inpot ita v npotmudes
Oderations

S NN —
Ll LT Jn

Tme.fomain Sigras

¥

Werking Dela

]

Data Information
Estimate

Datrae; yets

Cals Vens Hode Views Stitrgtre )
e i Viotgaca || LT Viever | | el LU (P

[Josta speetra Modelresits Fiequercy fesp HamrvWeres

[ Freauercy uncin [m'
nyia

Trash
Valication Jate

Fig.8: System Identification toolbox for identifying integer transfer function
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2. Select the estimate column >> Process Models. Choosing the selection option as shown in Fig. 91

The Integer order transfer function from the raw input and output data is identified as in (37):

>» ITFplant

ITF =

exXp (—-3%s3)
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= o X

Transfer Function

K(1+ T2 s) exp(-Td 5)

(1+Tpt s)(1 +Tp2s)

Poles
2 | | Alreal v
Zero

Delay

[ ntegrator

Par Known
K]

™ 0

™ [

AN
L |
Inital Guess.

@® Auto-selected

Vale il Guess  Bounds

Auto [f nf]
Auto 10 Inf
Auto [0 g
o]
Auto [f nf]
Auto 03

O From existing model.

O User-gefined

Value—>intial Guess.

Disturbance Model [ o z

Focus: | simuiion v

Iniial condtion: | .0 v Regularization

Covariance: [peynie o Options.

[] Dieplay progress.

Stop herations.

1.546205 = + 47226

+ 1.964e07 =5 + 1

(b). Identification of fractional order transfer function:

Hame, P20z Estimate.

Close Help

Fig. 9 Process Models dialog box in Sl toolbox 4

37)

Step1: Opening FOTF Time domain Identification tool: Type FotFid which opens a tool box as shown in Fig.10%":

Copyright to JIRSET

[5QTF Time-domin Identiication Too!
Import  Date  Model

Simulation parameters

Method | Refined Oustaloup fiter

Within w range: 10.0001; 10000]

Identification and options
Source data structure (in base workspace)

FIDATA objects |id_t

Agorithm Trust-Region-Reflective

Identified model

Of order.

~| Lambia

b(s) 3

O

o ¥2:7

]

< >llc »

O

Generate initial quess mode!

a@.012) | 05 | Order

[ umk coefficients ~ Hin

Free identification | [] Quick estimate
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Fig.10: FOTF identification tool box®!


http://www.ijirset.com

@ ISSN(Online): 2319-8753

VRS

RSET ISSN (Print): 2347-6710
International Journal of Innovative Research in Science,
Engineering and Technology

(A High Impact Factor, Monthly, Peer Reviewed Journal)

[—

Visit: www.ijirset.com
Vol. 6, Issue 10, October 2017

Step2: Click on Import option choose the options of identification method and guessed model type to get (38):

>» FOTFplant
Fractional-order transfer function:
1799.4
——————————————————————————————————— exp (-7.5735e-053)
4723.387{2.7896}+2899287{0.87573}+1 (38)

Tuning conventional PID and FOPID for Integer order transfer function: Design specifications used o gc = 5rad/s
PM=65°; 1/GM = 20 dB, ® ph=3rad/s. (39)

For PID Controller we take fmincon algorithm from (D) and (39) to tune and we get the following controller: Cp)p=
WX =[1 s s][kp ki kd] = [1s? s] [5.000 9.1340 9.5156]

For FOPID Controller we take fmincon algorithm from from (D) and (39) to tune and we get the following controller:
Cropip= WX = [1 s™ s][kp ki kd] = [1 %% s ©20%] [4.9987 9.4762 9.9988 ]. The step responses of PID and FO-
PID controlled plants are shown in Fig.11. Table.3 describes the performance characteristics.

Siop respanse
b

Amslitude
N

5 100 15 m 20 £
Tima Il

Fig.11:Step responses of the closed loop plants with FOPID (blue) and PID (red) controllers

Controller | Rise Time (tr) settling Time (ts) 0%
seconds seconds

PID 101.808 175.285 0.000

FOPID 22257 92854 5.244

Table.3: Performance specifications of closed loop plant

Tuning conventional PID and FOPID for Fractional Order transfer function: Design specifications used o gc = 5rad/s;
PM=65%1/GM = 20 db, o ph=3rad/s. (40)
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For PID Controller the fmincon algorithm is taken from (40) to tune to get the following controller: Cpp= WX =[1 s

s][kp ki kd] = [1 s™ s] [4.8246 10.000 1.1358]
For FOPID Controller fmincon algorithm is taken from (40) and tunedto get the following controller: Cropip= WX = [1
s™ s"[kp ki kd] = [1 %812 5 137%°] [2.8306 9.9912 0.1707]. The step response of FOPID and PID controlled plants are

shown in Fig.12. The detailed performance specification is given in Table.4.

Step response
! ——— FOPID Cantoler

—— PID Cantreller

0
5
Time [s

Fig.12: Step responses of FOPID (blue) and PID (blue) controlled plant

Types of Rise Time settling Time (ts) 0%
(tr)
Controller seconds
seconds
PID 1.0866 14.1337 41.214
FOPID 1.0512 13.354 35431

Table.4: Performance specifications of closed loop plant

Conclusion: From Table 3 and Table 4 Fractional Order PID controller (FOPID) always shows better time of response

and lesser overshoot.
I1. CONCLUSIONS

(1). Tuning techiques: LMI is better as compared to Fmincon as it has faster tendency to converge and more accuracy,

than Fmincon (2).FOPIDs have more degrees of freedom more parameters to tune. Stability region is large due to
fractional part, hence more flexibility to design controllers. FOPID provides robustness to the system.They track the set

point more accurately than their conventional counterpart. A fractional-order controller will always provide better
response than integer-controller if it is properly tuned whatever may be the type of plant.
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